ABSTRACT A differential probe-fed liquid crystal (LC)-based frequency tunable circular-ring patch antenna is presented. Besides, cavity model is extended to analyze the LC-based antenna for the differential operation. According to the cavity model, the permittivity and loss tangent of the LC are extracted from the measured differential reflection coefficients. Acceptable agreements among the measurement, simulation, and calculation for differential impedances, reflection coefficients, and radiation patterns are obtained and also validate the extraction method and model. More importantly, the extended cavity model can provide a deep physical insight into the LC-based antenna.
I. INTRODUCTION
In modern wireless communication systems, the frequency reconfigurable antennas have caused considerable attention. There have been some techniques developed in antennas to realize frequency tunability, such as the tunable lumped elements [1] , [2] , micromechanical structures [3] and tunable materials. The lumped and micromechanical devices need to design complicated structures which generate the parasitic effect and lead to radiation pattern degradation. Recently, some voltage-controlled tunable materials such as (Ba,Sr)TiO3 (BST) [4] and LC [5] - [7] have been considered as antenna substrates to realize the frequency tunability and improve the radiation performance. When the permittivity of tunable material is varied by different bias voltages, the effective antenna size with resonant frequency will be changed. The frequency tunable principle should greatly reduce parasitic effects. Among these materials, LC will be an important potential candidate for the frequency tunable antenna due to no DC power consumption and simple fabrication process [6] .
To date, the reported LC-based patch antennas adopted the single-end microstrip feed structure which will lead to a larger planar size and asymmetrical E-plane radiation pattern [5] - [7] . The radiation pattern and gain as key parameters for LC-based frequency tunable antennas in S-band have not been measured [5] - [7] . In addition, permittivity properties of many LC materials are still unclear, especially in the low frequency band and are frequency dependent [8] - [11] . Therefore, it is necessary to extract the LC permittivity for study and analysis of the LC-based antenna at the early stage. For example, Polycarpou et al. [6] showed that the simulated frequency tunable range of 7% disagrees with the measurement range of 4% due to uncertain permittivity of the E7 type LC material.
Considering the above problems, a differential probe fed LC-based frequency tunable circular ring patch antenna is proposed in this paper. The differential probe feed exhibits more advantages such as easy 3D-integration with other differential RF components, compact planar size, symmetrical E-plane radiation pattern and lower cross-polarized field [12] - [16] . Here, the circular ring patch is used due to its smaller size compared with the rectangle and circular patches for a given frequency while operating in the fundamental mode [17] .
In measurement, the differential reflection coefficients, radiation patterns and gain for the LC-based antenna are given. In theory, we extend cavity model and derive the mutual, differential impedance and radiation pattern expressions to analyze the LC-based circular ring patch antenna for the differential operation. The expressions for the resonant frequency, permittivity, losses and Q-factor are also shown to extract permittivity and loss tangent of the LC for further investigating the antenna. According to the extracted LC parameters, the measured, simulated and calculated impedances, reflection coefficients and radiation patterns are compared and acceptable agreements also validates the extraction method and model.
In this paper, the LC-based antenna is described and the extended cavity model theory is presented in Section II, respectively. Results will be discussed in Section III. The conclusions are drawn in Section IV. Fig. 1 shows the exploded view and feed network of the differential probe fed LC-based frequency tunable circular ring patch antenna. The antenna has three layers of RT/duriod 5880 (ε r = 2.2, tan δ = 0.0009, thickness t = 0.787 mm) material. Double-side metallized bottom layer has two holes of diameter 0.9mm for two probes and openings of diameter 2 mm for insulation. Each hole is rounded by eight metalized solid vias of diameter 0.6 mm for interconnection of the double-side grounds. The middle layer is etched to form a circular cavity extended 2 mm beyond the area of the patch and filled with the E7 type LC from injection hole. The ring patch is printed on the top layer which is inverted and placed on top of the cavity. Two bonding pads on the top layer are connected with the radiated patch by using two metallized vias so that the patch can be fed by the probe. The screw holes of the three layers are used for the fixation. In the feed network, the DC voltage is input into an SMA connector by using bias tee, and then the electrostatic field will be generated between the patch and GND 2 .
II. THE LC-BASED ANTENNA AND CAVITY MODEL THEORY

A. LC-FILLED CAVITY
LC as the tunable anisotropic material (ε LC = [ε x , ε y , ε z ]) is filled into the cavity [11] . For the electrically-thin patch antenna, we can neglect the transversal electrostatic field components (E t = 0) and only consider the z-direction one (E z = 0) [18] . Therefore, the permittivity tensor of LC is just considered the component in the z-direction. In other words, the permittivity component in the z-direction (ε z ) is used for the following analysis. When no DC bias voltage is applied between the ground and the patch, the LC directors are almost perpendicular to the z-direction due to the effect of the surface anchoring and the corresponding permittivity in the z-direction is ε LC⊥ . If the DC (or 1kHz low frequency AC) bias voltage increases from zero to the saturation case for creating an electrostatic field, the LC directors will turn from perpendicular to parallel direction to the z-direction (the DC bias electric field direction), and the corresponding permittivity component in the z-direction ε z will vary from perpendicular permittivity ε LC⊥ to parallel permittivity ε LC|| [8] . 
B. EXTENDED CAVITY MODEL OF CIRCULAR RING PATCH ANTENNA
A simplified structure of the antenna for cavity model analysis is shown in Fig.2 . The patch of the outer radius b and inner radius a is fed by two probes at (d 1 , ϕ 1 ) and (d 2 , ϕ 2 ), respectively. According to the existing single-end cavity model theory [17] , [18] , the electric field under the patch is given by
where
In (1) and (2), ψ mn is the eigenmode function, J n is the n-order Bessel function, Y n is the n-order Bessel function of the second kind, k nm is the roots of the characteristic equation (X (k nm b) = 0), j is the imaginary unit, µ 0 is the vacuum permeability, ω is the angular frequency, k eff is the effective wave number [18] , I z is the input current density in the z-direction.
The input current ribbon for two ports can be given
In (3), w is the effective angular width of the z-directed source current, δ(ρ) is the impulse function. For the differential operation, the two probe position satisfies the following relation:
According to the impedance definition, the two port mutual (transfer) impedances Z ij (ij = 1, 2) can be derived as:
where ε 0n is 1 for n = 0 and 2 for n =0. Based on the mixedmode theory [19] , the differential impedance can be derided as
which implies that if the mode order is even (n = 0, 2, 4, . . .), the corresponding mode impedance is zero. The differential operation excites the fundamental TM 11 mode but will not excite higher order modes such as TM 21 and TM 02 mode, etc. Therefore the differential operation has much lower crosspolarization level due to canceling the spurious radiation from high modes. In addition, two symmetrical feed probes lead to a symmetrical radiation field.
The radiation fields can be derived as:
where k 0 is the free space wave number, the input current phase φ i is firstly introduced in the radiation pattern expressions for the differential operation. The current phase for the differential operation satisfies φ 1 = 0 and φ 2 = π. F E (θ ) and F H (θ ) have the same approximate value of 2 when considering the radiated field effects of substrate and the ground plane [17] , and
C. RESONANT FREQUENCY, PERMITTIVITY AND LOSSES
The resonant frequency of these modes can be written as [18] 
where c is the velocity of light, the effective permittivity [18] ε e = 1 2
. (11) In (11), the modified radii (a e and b e ) which respectively substitute a and b for considering the fringing fields in this work can be given by
The effective loss δ eff which mainly comprises the LC substrate material, copper and radiation losses can be written as [18] 
where σ is the conductivity of the patch and the ground plane, η 0 = √ µ 0 /ε 0 and
The relationship among total Q-factor, effective loss and relative bandwidth (BW) can be written as [18] 
where BW = ω/ω 0 , ω is the half power bandwidth of the input impedance magnitude [20] .
III. RESULTS AND DISCUSSION
The extended cavity model theory is employed to analyze the LC-based antenna. By using Eqs.10-15, the unknown permittivity and loss tangent of LC can be extracted from the measured differential reflection coefficients. According to the extracted LC parameters, the impedances, reflection coefficients and radiation patterns of the antenna can be respectively obtained by HFSS simulation and the cavity model calculation. The differential reference impedance is 100 [21] . The main geometrical parameters are summarized in Table 1 . 
A. EXTRACTION FOR PERMITTIVITY AND LOSS TANGENT OF LC
Firstly, in order to obtain the resolution of the extracted method, the measured and simulated differential reflection coefficients of the air-filled cavity antenna are given in Fig.3 [9] . The measured resonant frequency is 4.02 GHz and the corresponding simulated resonant frequency is 3.997 GHz. Their frequency deviation is just 0.023 GHz. The extracted permittivity and loss tangent of the air-filled cavity are 1.013 and 0.0018. Therefore, the extraction resolution of relative permittivity and loss tangent are limited to 0.013 and 0.0018, respectively, which is sufficient to permittivity (ε LC > 2) and loss tangent (tan δ LC > 0.01) of the E7 LC material [9] . Fig.4 shows the experimental setup of the LC-based antenna for S-parameter and radiation pattern measurements. In Fig.4 , the bias tee is used to apply DC voltage from a feed port to the LC-filled cavity. In Fig.4 (b) , the differential signal is generated by employing a balun for the radiation pattern measurement. In the S-parameter measurement, the bias tee need be calibrated. In the radiation pattern measurement, the insertion loss of both bias tee and balun are considered for reducing their influences. Fig.5 gives the measured differential reflection coefficients of the LC-based antenna under different bias voltages. It is observed that the good impedance match can be obtained in the tunable process. When increasing the bias voltage, the differential reflection coefficients moves from high to low frequency due to the increase of the LC permittivity. The measured resonant frequency versus bias voltage is shown in Fig.9 . The frequency tunable range from 2.532 to 2.427 GHz, the threshold voltage of 3 V and the saturation voltage of 23 V can be obtained. The measured frequency tunable range ratio of 4.2% is close to 4% of the reported work which also used the E7 LC material [6] .
According to the measured reflection coefficients, the permittivity and loss tangent of LC under different bias voltages can be extracted by using Eqs.10-15, and the results are shown in Fig.6 . At bias voltage of 0 V, the LC directors are nearly perpendicular to the z-direction (static electric field direction), and the extracted perpendicular permittivity ε LC⊥ and loss tangent tan δ LC⊥ are approximate 2.696 and 0.0656, respectively. When increasing the bias voltage to the saturation case, the LC directors will turn to the direction parallel to the z-direction, and the corresponding parallel permittivity ε LC|| of 2.95 and loss tangent tan δ LC|| of 0.0295 can be extracted. It is noted that when the bias voltage increases, the permittivity increases and loss tangent decreases.
From above results, we can observe that the permittivity of the E7 type LC has a small tunability range with the large loss tangent. As a result, the frequency tunable range is small. In fact, some LC materials (e.g. GT3-23001) with lager tunablity range and low loss tangent have been produced by Merck for microwave and millimeter-wave applications [22] . However, we can only use the type E7 LC material to model and analyze properties of the LC-based antenna under our laboratory conditions.
B. COMPARISONS OF THE MEASURED, SIMULATED AND CALCULATED DIFFERENTIAL IMPEDANCES AND REFLECTION COEFFICIENTS
The above extracted permittivity and loss tangent of LC under different bias voltages are introduced into the HFSS simulation and the cavity model calculation, respectively. The maximum resonant frequency difference between the measurement and simulation is only 0.019 GHz. Fig.10 compares the measured, simulated and calculated co-polar radiation patterns under the bias voltages of 0 V and 25 V. Pattern differences among calculation, simulation and measurement are acceptable. The calculated E-plane patterns have a slightly wider upper half plane due to an infinite ground size considered in the cavity model [14] . However, the simulation and measurement use a finite ground size. A good performance can be found that the patterns basically maintain the same shape under bias voltages of 0 V and 25 V. This is because the permittivity and loss tangent of the LC-filled cavity uniformly vary under the electrostatic field. Due to a larger inherent loss tangent of the E7 LC in the S-band, the simulated realized gain at resonant frequency under bias voltage of 25 V can achieve the maximum value of 1.2 dBi and the corresponding measured value is 0.1 dBi. Their difference is acceptable when considering tolerance in measurement. Therefore, the LC-based antenna can be used in many low-power wireless communications.
C. RADIATION PERFORMANCE
From Eqs.7-8, when operating in the fundamental TM 11 mode, higher order modes such as TM 21 and TM 02 mode are not excited and the spurious radiation from high modes is reduced. In addition, the differential operation cancels cross polar components from feed probes [14] . Therefore, lower cross-polarization levels can be obtained. The simulated and measured cross-polarization levels are at least 25 dB lower than their peak co-polarization levels.
IV. CONCLUSION
The extended cavity model is presented to analyze the differential probe fed LC-based frequency tunable circular ring patch antenna. The impedance and radiation pattern expressions for the differential operation are derived. Expressions for resonant frequency, permittivity, losses and Q-factor are shown for extracting the permittivity and loss tangent of the LC. According to the extracted LC parameters, simulation and calculation of the antenna can be performed for analyzing properties of the differential impedances, reflection coefficients and radiation patterns under the different bias voltages. Comparisons among measurement, simulation and calculation validates the extraction method and model. Therefore, the cavity model can provide a deep physical insight into the LC-based antenna. Similarly, the cavity model can be also applied to analyze the LC-based rectangular, circular patch antennas and their arrays. It is believed that the LC is an important candidate material for realizing frequency tunability in antennas.
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